The measurement of the minority carrier lifetime is a powerful tool in the field of semiconductor material characterization as it is very sensitive to electrically active defects. Furthermore, it is applicable to a wide range of samples such as ingots or wafers. In this work, a systematic theoretical analysis of the steady-state approach is presented. It is shown how the measured lifetime relates to the intrinsic bulk lifetime for a given material quality, sample thickness, and surface passivation. This makes the bulk properties experimentally accessible by separating them from the surface effects. In particular, closed analytical solutions of the most important cases, such as passivated and unpassivated wafers and blocks are given. Based on these results, a criterion for a critical sample thickness is given beyond which a lifetime measurement allows deducing the bulk properties for a given surface recombination. These results are of particular interest for semiconductor material diagnostics especially for photovoltaic applications but not limited to this field.
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I. INTRODUCTION
Minority carrier lifetime measurements have been proven to be an essential material characterization technique for semiconductors. The determination of the lifetime provides information on electrically active defects in a very sensitive way. It is possible to detect defect concentrations down to 10 10 cm −3 with contactless methods at room temperature.
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There are different approaches which are based on either a dynamic process taking place after a pulsed carrier generation (transient measurement) or a steady-state measurement during a continuous carrier generation. In either case, the measured lifetime τ eff incorporates both bulk and surface recombination processes. However, a typical requirement on the lifetime measurement is that either the material properties, i.e. bulk lifetime τ b , or the surface properties, i.e. surface recombination velocity S, can be unambiguously deduced. The first information on the bulk allows, for example, an optimization of the production process of the semiconductor, i.e. the crystallization. On the other hand, the second information on the surface recombination plays an important role, for example, for a device optimization like the development of the passivation layers for solar cells. Therefore, it is inevitable to know the precise relationship between the measured lifetime τ eff , the bulk lifetime τ b and the surface recombination velocity S, i.e. the function τ eff = τ eff (τ b , S). Typically, this relationship depends on sample properties such as its thickness d as well as the spectrum of the light generating the carriers and the corresponding absorption length α −1 .
For transient measurements and equal surface recombination velocities on the front and back side of the sample (S 0 = S 1 = S), the most frequently used functional relation is given
Here, the so-called surface recombination lifetime τ s,tr is given by the phenomenological approximation τ s,tr
the diffusion constant of the minority carriers. This approximation is a superposition of two asymptotic solutions of the partial differential equation for the excess carrier density p corresponding to a transient measurement. The first term is exact in the limit of very low surface recombination and thin samples while the second term is found for very high surface recombination and thick samples. 3, 4 To obtain this result, only the fastest decaying mode of the density after a short illumination pulse is considered which leads to a transcendental equation for τ s,tr that can be solved in the Sd/D ≪ 1 and Sd/D ≫ 1 limits, respectively.
In subsequent works, this approach has been extended to the case of unequal S 0 = S 1 and a systematic approach based on the relevant dimensionless parameters has been presented.
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The second widely-used approach relies on a steady-state measurement. A common approach to determine τ b experimentally is to prepare the samples such that the surface properties are negligible. This can be achieved by a surface passivation which significantly reduces the surface recombination velocities. 13 In this case, the bulk lifetime is measured directly, i.e. τ eff ≈ τ b . For small surface recombination velocities, a correction based on the limiting expression τ s ≈ d/(2S) can be employed to improve the accuracy of τ b . 14 On the other hand, a method for determining τ b on thick unpassivated samples, i.e. blocks, has been recently proposed. 15 Furthermore, the feasibility of measuring bulk properties on thin unpassivated wafers has been investigated, both experimentally and numerically. 16, 17 In this work, we will present a systematic analysis of the relation between the measured lifetime τ eff , the bulk property τ b and the surface recombination velocity S that is valid for the steady-state approach. Our study is based on the function τ eff = τ eff (τ b , d, S 0 , S 1 , α) that can be derived from the solution of the time independent diffusion equation, see Sec. II. It generalizes special cases obtained earlier [15] [16] [17] for the steady-state regime and furthermore allows investigating all practically relevant sample types within the same framework. In particular, our study extends the previously proposed results for thin wafers on one side and thick samples such as blocks on the other side to samples of arbitrary thickness. The qualitative behaviour of this solution with respect to a variation in the parameters τ b , d, S 0,1 , and α will be discussed in Sec. III. Approximations valid for the relevant cases of homogeneous generation (i.e. α → 0), unpassivated samples (i.e. S → ∞), and large sample thickness (i.e. d → ∞) will also be given in Sec. III. These results allow for a straightforward interpretation of the data obtained in lifetime measurements. In Sec. IV a systematic approach is presented that allows extracting all relevant asymptotic limits with respect to the sample parameters τ b , S, d, and α. As a direct application of these asymptotic expressions a criterion for the sample thickness beyond which a reliable determination of the bulk lifetime is possible will be derived. It will be shown how this critical thickness d crit depends on S, τ b and α. As a second application the correct expression for τ eff in the limit of increasingly better material quality, i.e. τ b → ∞, will be deduced and compared to a phenomenological result published ealier. 16, 17 Finally, we will discuss the experimental conditions which allow the separation of bulk and surface properties in an unambiguous manner.
II. DIFFUSION MODEL
The measurable carrier lifetime τ eff for a steady-state application is given by
with N p being the total number of minority excess carriers in the sample and G the total generation rate in the bulk, respectively. For the steady state approach the generation rate per volume is time independent and given by
with P being the power of the illumination, A the area of the sample, λ the wavelength, α −1 the absorption length, and r the reflection coefficient. 3 The diffusion equation and the boundary conditions, that describe the carrier density p(x), read
Integrating the diffusion equation straightforwardly yields
with R being the total recombination rate in the bulk. This allows for a simple interpretation of the surface recombination velocities: all generated carriers that are not recombining in the bulk have to recombine at the surface and these processes are characterized by S 0,1 and p(±d/2). The solution to Eq. (3) is given by The major assumptions for this model are:
1. lateral homogeneity of the sample allowing for a one-dimensional description;
2. constant, i.e. injection independent, material properties τ b , S, and diffusion constant
3. monochromatic illumination with a single wavelength λ and corresponding absorption depth α −1 ;
4. large penetration depth of the sensor measuring the total number of carriers N p in comparison to absorption length α −1 and diffusion length l .
The lateral homogeneity of the material has to be given on length scales larger than the diffusion length. With this condition fullfilled and given that the measurement is performed in a steady state, the variations in the material parameters are due to the position dependent carrier density p(x) only. Furthermore, the model could easily be extended beyond the monochromatic case by linear superposition. However, this would make the analysis technically more complex while for the purpose of this work there are no significant additional insights to be gained.
In order to get a deeper insight into the relationship between the lifetimes, the surface properties and the sample geometry we state the result for the most relevant cases. First, in case of equal surface recombination, i.e. S 0 = S 1 = S, one finds
This solution is valid for any sample thickness d, absorption length α −1 and surface recombination velocity S. Second, the result for homogenous generation but with non-equal surface recombination velocities is presented
This result applies to wafers with a thickness being small enough such that a homogeneous generation g(x) = g is given, i.e. αd ≪ 1.
It is worthwhile to note, that one could in principle determine a surface recombination time τ s from Eq. (5) 
III. APPLICATION TO WAFERS AND BLOCKS
For the following discussion of the resulting relation τ eff = τ eff (τ b , S, d) we focus on the case where |S 0 − S 1 |/(S 0 + S 1 ) ≪ 1 which is reflected by Eq. (5). The rather general result (5) can easily be simplified to yield the practically relevant expression for thin wafers with homogeneous generation, i.e.
Furthermore, the case of very large surface recombination is given by Before the correct quantitative asymptotic limits are discussed in more detail, the qualitative features of relationship (5) are studied in terms of the dimensionless parameters However, the information gained in a measurement of τ eff could still be used to determine τ b . In the next section, these features will be discussed in a more formal and quantitative way.
The influence of the surface passivation on the measurement is presented in more de-tail in Fig. 2 . As already noted, the measured lifetime is approximately equal to the bulk lifetime when the surface recombination is sufficiently suppressed. The importance of the surface passivation decreases with increasing sample thickness and bulk recombination. Furthermore, there is another important aspect to be seen in Fig. 2 . For parameter regimes where S is either small or large, the ratio τ eff /τ b becomes constant and thus significantly less sensitive to the precise value of S. It implies that the bulk value τ b can be concluded from τ eff for large sample thickness and large surface recombination even if the precise value of S is not known. This justifies the approach in Ref. 15 . In the intermediate region (in Fig. 2 roughly between S ∼ 10 cm/s and S ∼ 10 4 cm/s) a detailed knowledge of the surface recombination velocity is necessary in order to determine τ b from a measurement.
Compared to the strong dependence of the ratio τ eff /τ b onS, the influence ofᾱ is rather weak, see Fig. 1 . Nevertheless, this dependence can be employed by measuring the same sample two or more times injecting carriers with light of different wave lengths. These wavelength dependent measurements allow elliminating other unknown quantities such as S.
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The sample thickness is the third relevant parameter. In a larger surface recombination velocity and a larger bulk lifetime lead to a larger critical thickness, see Fig. 3 .
IV. ASYMPTOTIC EXPRESSIONS
Quantitative conclusions can be drawn by considering various limits of Eq. (5) with respect to the dimensionless surface recombination velocityS, the absorption lengthᾱ −1 , and the bulk lifetimeτ b =l 2 . In terms of these parameters, Eq. (5) can be rewritten as
with
, F 2 ≡ᾱ 2 cothᾱ 2 −ᾱl coth
where F 1 depends onS andl only while F 2 is a function ofᾱ andl only. Using the result (10) and the definition τ s = (τ
The measurement τ eff is hence dominated by the bulk property τ b if τ s /τ b ≫ 1, i.e. for The Eqs. (10) and (12) can be simplified for various applications by means of the approx-
together with standard series expansions. In the intermediate regime between the two limiting cases, i.e. at x ≈ 3, this aproximation gives an error that is at most around 10%. The application of the approximation to F 1 and F 2 leads, for example, in a direct way to the approximations of Eq. (10) that are applicable for small and large sample thickness d, i.e.
and
To illustrate the approach based on the two functions F 1,2 and the applicability of the result Eq. (10), the following practical examples for p-type Silicon are considered (see Table I for details on the chosen parameters):
1. Surface-passivated wafer of low to intermediate material quality implying intermediatē l, smallS andᾱ: In this limit one finds F 1 ≈ 2Sl 2 and F 2 ≈ 1 +ᾱ 2 /(720l 2 ). Thus, according to the chosen parameters (see Table I ), F 1 · F 2 ≪ 1 is a small correction in Eq. (10) which in this limit then reads
. This relation describes the curves shown in Fig. 2 for small S. Furthermore one can deduce the surface recombination time which is given
. Therefore, one obtains the same result as for the transient approach if the leading order in the small correction is considered.
Wafer of low to intermediate material quality without surface passivation characterized
by intermediatel, smallᾱ, and largeS: In this case the asymptotic expressions are
. In contrast to case 1,S is not small implying that F 1 · F 2 is not a small correction in Eq. (10) and therefore the measured τ eff is much smaller than the bulk value τ b . This is the behaviour presented in Fig. 2 for large S.
Qualitatively, this is not surprising as the measured lifetime is governed by the large surface recombination. Practically, it allows for an estimation of an upper bound of the surface recombination velocity S by assuming τ s ≈ τ eff . The surface recombination time τ s relates
which is found from Eq. (12). Since S is not small, the second term in the brackets cannot be neglected as in the first case. The inverse relation
can then be employed to calculate S.
3. Surface-passivated float-zone wafer (very high material quality) with largel, smallS, and smallᾱ: The asymptotic behaviour of F 1 and F 2 is analogous to the previous case, i.e.
2 +S/6) and F 2 ≈ 1 +ᾱ 2 /(720l 2 ), leading to the same expressions for τ eff and τ s when inserted in Eqs. (10) and (12) . Again, the measurement of τ eff is dominated by surface effects allowing for the estimation of an upper bound of the surface recombination velocity S. . Again, the product F 1 · F 2 is not a small correction. Nevertheless, the bulk information can be extracted from the measurement.
It is clear from the previous discussion and from Fig. 1 that a measurement of a sample of lower material quality is more likely to give an accurate estimate of the bulk property τ b .
This is reflected by the fact that τ eff /τ b → 1 for τ b → 0. However, in most pratical cases one cannot expect the relation τ eff = τ b to be exact and the corrections to this equality are 
indicating the first order correction inτ b ≡l 2 being valid for material of poor quality (low bulk lifetimes). The criterion for how large the bulk lifetime of a sample of fixed thickness and surface quality can become before a measurement of τ eff does not relate to bulk properties anymore is hence given by the correction being much smaller than one.
There is a rather intuitive interpretation for this. For homogeneous generation, i.e.ᾱ ≪ 1, On the other hand, the measured lifetime of a sample of very high material quality, i.e. very large bulk lifetime, is mostly dominated by the surface effects. In particular, this means that τ
saturates at a value that is independent of τ b , i.e. τ τ b →∞ eff → τ s . With the appropriate asymptotic expressions for F 1 and F 2 one finds
In other words, a measurement on a sample of very high material quality gives information on the quality of the surface passivation, i.e. on τ s , rather than on τ b . The limit (14) can thus be used to determine S for a given thickness d and absorption length α −1 . This limit together with the general solution (10) suggests the largel ≫ 1 structure τl
/(t crl 2 ) which is slightly different from the phenomenological proposal for unpassivated wafers in Ref. 16 with respect to the prefactor A * . In the special case of thin samples with homogeneous generation, i.e. wafers withᾱ → 0, the limit (14) reduces to
Note, that this result for the steady state approach is similar but not equal to the surface recombination approximation τ s,tr obtained in the transient case. The difference lies in the numerical prefactor of the term ∼ d 2 that is relevant for samples of larger thickness.
Experimentally, an adjustment of the bulk lifetime is typically more difficult than the preparation of a sample with a specified thickness. Therefore, the approximate behaviour in the limit of small and large sample thickness is of particular interest. The ratio τ eff /τ b saturates at a constant value smaller than one for very thick samples, see Fig. 3 . In particular, one finds with the asymptotics F 1 ≈ 2Sl 2 /(1 +Sl) and F 2 ≈ᾱ/(2 + 2ᾱl) the result
which is exactly the result presented in Sec. III for blocks. This relationship allows for a determination of τ b as a function of τ eff . In general, the knowledge of S would be required in order to apply this relation. However, it becomes clear from Eq. (16) that for unpassivated blocks with large S the influence of this parameter is rather weak and can thus be neglected.
On the other hand, the ratio τ eff /τ b vanishes for small thicknesses which is caused by the surface effects. The asymptotic behaviour for d → 0 is obtained fromᾱ,S ≪ 1 andl ≫ 1 giving
. Quantitatively, one thus finds
which is correct up to the second order in d. Hence, a determination of τ b from τ eff is not possible in this regime since τ eff ≈ d/(2S) for d → 0 depends only on S but not on τ b . Therefore, the lifetime measurement on thin wafers can be used to determine S but it does not allow to deduce the bulk property τ b . 
which can easily be solved. The two most interesting cases are given by small S (passivated samples) and large S (unpassivated samples) for which the solutions are
respectively. There is an intuitive interpretation of these results. For samples with a good surface passivation a measurement of the bulk properties is possible if the sample is more than twice the width τ b S of the regions where the surface recombination takes place. This
picture cannot be applied in the case of low surface passivation with large S since the nearsurface regions of width τ b S would extend throughout the entire sample. In this case, other length scales are important, in particular the diffusion length l and the absorption length α −1 . The critical thickness is then simply the geometric mean of these two length scales.
V. CONCLUSIONS
In this work, the generalized solution for the relation between the measured lifetime and the bulk lifetime of excess minority carriers is investigated. This relation allows to study the interplay of the bulk and surface recombination for a steady-state measurement. It provides a general theoretical background for a consistent data analysis of lifetime measurements on a wide variety of samples. In particular, it allows identifying the influence of the relevant parameters, i.e. bulk lifetime τ b , surface recombination velocity S, absorption depth α value of α −1 , is derived.
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